UpuHa CepreesBHa
Ky3HeuoBa




1. lpumep Aoamca ycmou4usou MblsibHOU

naeHKku, Ho pempaaupyrowelica Ha

epaHuuy.



MuWHUMaNbHble NOBEPXHOCTU

Onpepenenune

MuHumanbHble NOBEPXHOCTN — 3TO NOBEPXHOCTU JIOKASIbHO HAUMEHbLLEN MN10-
Laau.

[lepBoe M3 «4yyaec» CBA3aHO C MUHMMAJIbHbIMU MOBEPXHOCTAMMU. WX
CaMbIM HarnagHbIM MPUMEPOM ABAAKOTCA MblabHbIE MYy3bipU  (OHM
CTPEMATCA MPUHATE dopmMy chepbl) MAM MblibHbIE MAEHKM, KOTOPbIE
HATATMBAOTCA Ha MPOBOJIOYHbIN KapKac, eC/IM OMYCTUTb €ro B Mbl/IbHYHO

BOAY.



MuWHUMaNbHble NOBEPXHOCTU




MuWHUMaNbHble NOBEPXHOCTU

MWHMMabHbIE MOBEPXHOCTM BCTPedarTca M B npupoae. Hanpumep,
CKeneTbl  paanonapumn  (MMKPOCKOMMUYECKUX  MOPCKMUX  KUBOTHbIX)
NpPeacTaBaAAtoT COOOM MUHMMAJIbHbIE MOBEPXHOCTW.

Msarkoe Teno »XMBOW PaAMONAPUM HAMOJAHEHO KUAKUMU MNYy3blpbKaMMU.
[loa nencTBnem NOBEPXHOCTHOINO HATAXKEHUSA OHM MAOTHO MPUKMMALOTCH
ApYr K Apyry. [paHuubl  MexXay 3STUMKM  Ny3blpbKamu  00pas3yioT
MUHUMaNbHblE MOBEPXHOCTU. 3aTEM PAAMONAPUA BMUTbIBAET U3 MOPCKOWN
BOZbl COMM U MnHEpPanbl. OHM OCeaatoT M 3aCTbIBAOT Ha FPaHNLAX MEXKAY
ny3bipbkamu. Koraa MArknMe TKaHM OTMMPALOT, OCTAaETCA MPOYHbIN
aXKYPHbIM  KapKac. OH mn30bparkaeT CTPYKTYpy OCOOEHHOCTEM 3STOM
MUHUMaNbHOW MOBEPXHOCTM.



MuWHUMaNbHble NOBEPXHOCTU




G-NoOBEepPXHOCTU

3amkHyToe k-mepHoe mHoxectBo X C R" sBnserca G-noBepxHOCTblO, 3a-
knensarowyeri 3amkHytoe (k — 1)-mepHoe MHoxecTBO A 4151 gaHHol abene-
Bovi rpynnbl koagppuymneHTtoB G, ecnm A cogepxutca B X U roMOMOpPguU3Mm
i - Hk—1(A, G) — Hk—1(X, G), nHgyumnpoBaHHbili BaoxeHnem i : A — X, TOX-
AECTBEHHO PABEH HYJIHO.

Opyrmmu cnoBamu, Bce (k — 1)-mepHble UUKAbI, coaeprKawmeca B rpaHuLe
A, DONKHbI «PacTBOPUTLCA», aHHY/IMPOBATbLCA B MOBEPXHOCTM X. B 3Ttom
CMblcne A ABNAETCA rOMONOrMYeCcKon rpaHuuen X.



G-NoOBEepPXHOCTU

[Ton paccMoTpeHUn MUHUMASIbHBIX MOBEPXHOCTEN C
anrebpanyeckon TOYKM 3pEeHUA BO3HWKAET
NPeAnoNOKEHMNE, YTO AODYIO MAEHKY C «A0CTAaTOYHO
XOpOoLWen» rPaHnLEN MOXKHO NpeacTtaBuTb B Buae G-
MOBEPXHOCTM AN HEKOTOPOW abeneson rpynnol G.



[Toumep Agamca

OKa3bIBaeTCAa, 3TO He TaK.

. @®. Apamc npuBen
npumep MUHMMANbHOW
MOBEPXHOCTM, KOTOpasa He
NPeACTaBAAETCA B TAKOM
BMAE.

[>KOH Pp3aHK AoamMc — aHIIMNCKUIA
MaTeEMATUK, OAMH M3 OCHOBaTENEM
TEOPUMN TOMOTOMUN.




[Toumep Agamca

JTO MblibHaA NAeHKa X,
HaTAHYTasas Ha KOHTYp A u
npeacTaBAAoLas cobow
CoeAMHEHHbIE «ABOWHYO» U
«TPOMHYIO» NeHTbl Mebunyca
(MOXHO bpaTb
NPOWN3BO/IbHbIE B3aMMHO
npoctele p M (). To ecTb
rpaHnLUa X - 3TO OKPYKHOCTb,
BJIO)eHHaa B R"3  be3s
camonepeceyeHunn.
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[Toumep Agamca

Kaszanocb Obl, BMOJIHE «XOpollas» MOBEPXHOCTb. [loyemy e OHa He
aBnseTca G-noBepxHOCTbiO? [leno B TOM, YTO, XOTA 3Ta MJIeHKa sABAsSeTCH

VCTOMYMBOW, OHA PeTparmpyeT Ha CBOK rPaHULLY.

lNognpocTpaHcTBo A npocTpaHcTBa X Ha3biBaeTcsi perpaktom X, ecau cylye-
CcTByeT HenpepbiBHoe oTobpaxenne f : X — A, onpeaeneHHoe Ha Bcem X u
OCTaB/ISIOLLEEe Ha MECTE BCE TOYKU n3 A.

v




Teopema Xonga

AHaINTUNYECKMN 3TO MOMKHO
N0Ka3aTb MCNONb3YA
Teopemy Xonda.

XarvHU Xond — Hemeukun u
LIBEMLAPCKNNA MATEMATUK.




Teopema Xon@a

- N -a Arlvvv“uvlv\'u AN EIXARANIT A L AJe

> B ot ——— e m— =y

4. Cayyamu cymecrnosanuﬂ peTpaKkLHH npocrpancma Ha Noa-
NpOCTPAHCTBO, FTOMEOMOpP(pHGE cdepe.

JlokaxeM TeopeMmy O PeTPaKUHH, KOTOpas Gyaer HymHa IpH
H3YYEHHH BapHAHOHHBIX 3aj4ady. PaccMOTpHM B KauecTBe TPYIIH
KO9()(QHIHEHTOB TEODHH KJETOYHBIX TOMOJIOTHA abejieBy TpyIIy
(mo caoxenuw) U= Ri(modl) T. €. OKPYXKHOCTb.

Teopema 3 (Xond). I[ycre 3adano eioscenue i cpepor
Sn—1 8 KoHeunbll n-meproll KaeTo4Hsil Komnaexc K. Iycre zomo-
Mmoppuam in : Hpy (S, U)—>Hp—y (X, U), undyyuposannoli sTum
BAOMCEHUCM, SBASCTCS Monomoquusmo;n Toeda cgepa Son—i=
=iS"~1 asaserca perpaxrom K, 1. e. cywecrsyer Henpepoieroe
orobpascenue f: K—>Son1, roscOecTeentoe Ha cghepe Sy,

HJoxasateabcTBo. [IpHBOAHMEI HaMH KOHCTDPYKTHBHBIH
BapDHAHT J0Ka3aTeJbCTBa, HEOOXOAHMMBIH JJIsI SIBHOTO INOCTPOEHHS

—



[Toumep Agamca

CyllecTByeT Teopema, YTBePXAatoLlaa, YTO ecnu naeHKa npeacraBaaeT
coboM NOBEPXHOCTb, TO KPaW 3TOW NJIEHKN HE ABNAAETCA €€ PEeTPAKTOM.
OAHaKO B npuMBeAeHHOM NPUMepe Mbl/ibHAA MIeHKa COAEePXKUT Lenyto
OKPYKHOCTb, COCTOALLYIO M3 OCODObIX TOYEK KPAaTHOCTM 3. 3HAYUT, 3Ta
N€HKa He  ABAAeTcA  MHoroobpasmem, W MOTOMY  MOXET
PeTparnpoBaTbCA Ha CBOIO rPaHULLY.

[eomeTpunyeckn 3To NnoKasana TaTbAHa HMKoNaeBHa PoOMeEHKO.



[Mpumep AL

dMCa

@¢: X —> X Takasi, 4T0 @y — TOXKAECTBEHHOE orobpaxenne X Ha
cebst, a ¢ otobpaxaer X B A, npuyeM ajsi Bcex f oTobpakeHne @:
ocTapasier A HenoABHKHLIM. Tak KaK KOMIO3HILHS

ABJAACTCA TOXKJAECTBEHHBIM OTO6pa}KeHH6M, a

At e
X&s> Al x

KOMIIO3HIHSI
FOMOTONIHA TOMXKIECTBEHHOMY OTOOpaeHHo, To X
# A TOMOTONHYECKH 3KBHBAJICHTHBL. B Haliem ciyuae A — OKRpyx-

m
>

|

Puc. 50(a)

HOCTb, X 3KBHBAJEHTHO OYKeTy HBYX OKpyxHocTedd, T. e. A u X
FOMOTONHYECKH HE 3KBHBAJEHTHEHL, T. €. A He sBisiercs nedopma-
ILHOHHBIM DETPaKTOM.

CyuiecTBOBaHHE DeTPAKIHH OBLIO IOJIYYEHO H3 aare6paHdecKux
CBOWCTB 3THX KOMIIEKCOB. I[ToJI€3HO HATJISIAHO NPENCTAaBHTh, KAaK
NPOUCXOAUT 3TA PETPAKIHA TEOMETPHUECKH. DTO MOCTPOEHHE BHI-
nonneno.T. H. @omenko. Bocnoab3yemes npuBeneHHBIM B TJ. 1 reo-

vl
Pric. 50(6), (g)

Puc. 50(r)—(e)



[Tpumep Aoamca

METPHYECKHM NOKa3aTeNbCTBOM TeopeMbl Xomda. B Hamem ciydae
KoMIieke X JOBYMEpEH, M €ro OZHOMEPHBIH OCTOB COBMAfaer C Oy-
KETOM [BYX OKPYXKHOCTEH, OJHA H3 KOTOPHIX SIBJSETCS OCbIO OOBIY-
Horo jiucta Mebuyca, a npyras — OCbi0 TpoitHOro Jucta Mebuyca
B nocnennem ciayuae OKPYXKHOCTb COCTOHT H3 CHHIYJISIDHBIX TOYER |
MBLIBHOH muieHKH. Iloctymas mo cxeme § 2, ra. 1, paccmMoTpum Kie- |
Tounoe pasbuenne X. flcHo, uto X=0%o:'Uos!Uo? rae 6> — enun-
CTBeHHasi AByMepHas KJeTkKa. Kak mnpukJjenBaercs OHa K OAHO-
MepHOMY OcTOBY? PaspexeM MBUIBHYIO IUIGHKY BHOJb Ocell b H a

4
[T
)t

o Q>0

Pac. 50(x), (3) Puc. 50(u), (x)

COOTBETCTBEHHO JBOMHOTO H TPOHHOro JHcTOoB Mebuyca U BHOJB |
KOPOTKOIO OTpe3Ka ¢, SBJSIOIIErocs OCbK NePEeNOHKH-MOCTHKA, |
COeIHHSIOIIEro 3TH ABa JjHcta Mebuyca (puc. 50(a)). Ilnenxa
npencTtaBasercs B BHAe: X=0%aUblUcUk?, rme k? — Kozbuo.
ITocse paspesa mo OZHOMEDHOMY OCTOBY IlJIEHKA IIpeBpallaeTcs
IJIOCKYI0 00/1aCTh, TOMEOMOP(DHYI0 OOBIYHOMY KOJBIY k2, TPaHHLA |
KOTOPOTO COCTOHMT H3 HBYX OKDYXKHOCTEH: BHEIUHEH, sIBJASOUIEHCA |
HCXONHOH rpanuue#i A mjaeHKH X, H BHYTDEHHeH, NPEACTABJIECHHOH
B BHJe 0OBbeJHHEHHS CEeMH IYyT: TPeX 3K3eMIUISIPOB OTPE3Ka a, nayx{%ﬁ
SK3eMIIPOB OTpe3Ka b H JABYX 9K3eMIUISIPOB OTpe3ka (€ |
(puc. 50(6)). Hdns ymob6cTBa OCynIeCTBHM He(GOPMAIHOHHYIO peT-
Pakilhio, B pesysbTaTe KOTOPOH BHYTDCHHSIS TPAHHIIA COMPHKOCHET- |
cs B OJHOH CBOeH Touke c BHellHe# rpawuued (puc. 50(B)). IMoay-
YHBLIASICS TI0JHAs TPAHUIa ABYMEPHOH 06/JaCTH OrPAHHYHBAeT JABY-
MEDHYIO KJIeTKy o2 JLJisl yCTAaHOBJIEHHS COOTBETCTBHS C 0003Haue
HHsAMH TeopeMbl 3 u3 § 2 ru. 1 o6o3naunM A uyepes Sp' (310 BH
Je/eHHass OKPYXKHOCTb B OZHOMEDHOM OCTOBE), OKPYXKHOCTb @ —
uepes Si' u Okpyx)HOCTb b — uepe3 Sp!. Toraa Ko>bQHIHEHTH
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[Tpumep Anamca

HHIUAEHTHOCTH KJETKH 02 C 3THMH OKPYXKHOCTSIMH TaKOBBI:
[o2: Al=1, [0?:a]=3, [0%:b]=2. Crenys komcTpykuuu § 2 rui. 1,
HYZKHO TIOCTPOHTH OTOOpazKeHHe g OXHOMEDPHOTO OCTOBA NJEHKH X
Ha OKpyx)HocThb A. Orto6pasum A Ha cebsi ToxmectBeHHO. Camoe
[JIaBHOE — ONpeNeJHTb g Ha OKPYKHOCTAX @ W b. HyxHo mompo6-
paTb TakHe Lenble yucaa m u n, yTo6el m-[o?: al—n-[o?: b]=1,
T. . 3m — 2n=1. 3atem cjefyeT IOCTPOHTh OTOGparxkeHHe g, KO-

‘T0OpOe OTOGPA3UT a CO CTemeHblo m Ha A, a b co crenenbio n Ha A.

I
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Puc. 50(1), (M) Puc. 50(n), (o)

B nameMm ciyyae JOCTaTOYHO MOJIOXKHTh m=n=1, T. €. MOXHO CUH-
TaTh, YT0 @ U b orobpaxawrcs Ha A romeomopduo. Coraacho
Teopeme 3 (§ 2 r. 1) 3t0 oTOOpaxkeHHe ¢ TMPOLOJIKAETCA 1O
oTobpaxenusi f Bcefdi miaeHKH Ha A, yro m Tpebyercsa. Ocrasnoch
H300pa3HTb 3TO OTOOpaxKeHHe HarisiaHo. OKasbiBaeTcsl, MOCJIE TOTO
KaK MBbl paspesajH IJEeHKYy II0 OZHOMEPHOMY OCTOBY, HCKOMOe
o1o6paxenune [ peanusyercsi B R® Kak mociienoBaTe/bHOCTh HeMpe-
pHIBHBIX Aedopmanuil KiaeTkn o2 Haunem c Toro, uro (GHKCHpyeM
A H pacTsHeM CTOpPOHY ¢ Tak, 4ToObl OHa HaMmoTajace Ha A co
crenenpio eauHuna (puc. 50(r)). Ho npu stom wmbl He Oynem
OTOXKIECTBJSITb A H ¢ W TpepBeM OINEpalHio, COXPAHHB Y3KYIO -
NOJIOCKY, OrpaHHyeHHyo Ha pHc. 50(x) oxpyxHocTsMH A H c.
OcraBumiasics 4acTb ABYMEDHOH KJETKH 00pas3yer OHCK, MPHKJEEH-
HBII K TOYKe ¢® B MoJyuHBIIeHCs moJocke mexay A u c. Bepem
pe6po a W HamaThiBaeM ero BHoJb A Tak, Kak T[OKa3aHO Ha
puc. 50(e) u puc. 50(x). Csucarwmuii ¢ Touku ¢° AUCK OOBOpa-
uyHBaeTCss BOKPYr A, W B pe3yJbTaTe MOJY4aeTcsi MEUIOK C TPaHH-
1ell a, IpHYEM B MelIKe HMeeTcsi AbipKa ¢ rpauuued bbc'aa. Ito
CJIOBO BBINHCAHO NPU JBHXKEHHH NPOTHB 4YaCOBOH CTPEJKH Ha rpa-
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[pumep Agamca

HHLE IbIpKH, cTemeHb +1 mam — | ykaswiBaer Ha OpHEHTalHig
cooTBeTcTBylollero pebpa (puc. 50(3)). Ilpomomxaem wnamorky
ABYMEpHOH kieTkH. Bepem b u rtakxe mamarbizaem €ro BHOJb A4,
AEHCTBYS TaK, KaK NOKA3aHO HA puc. 50(u). B pesyabrare nosay-
U4€TCsd KapTyHa, noKasaHHas Ha pHC. 50(K), H HTOTOM 3TOH orme- .
PalNH SIBJISETCA IOBEPXHOCTb, M306paKeHHAs Ha puc. 50(x1). T'pa-
HHILlA CBHCAIONIErO AHMCKA YNPOCTHIACH 0 CPABHEHHIO C npeasiny- |
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Puc. 50(n), (p) Puc. 50(c), (1)

LIMM IIaroM M HMeeT BHA a—la—lch—1, Bepem caenyrommuii sksemm-
79D pebpa a H HaMaTHBAaeM ero BIOJL A, Kak nokasaHo ma
puc. 50(m) u 50(n). Mrak, mu TOCJIENI0BATEIBHO YepenyeM Ha-
MOTKy pebep THna a u Tuna .b. Pesyaprar cm. Ha puc. 50(o). Mrr
CHOBA HONYYM/IH MEIIOK C TPaHHIEH a u ¢ ABIpKO# bca. Bepem
OCTaBLIMHCS 3K3eMILIsip peGpa b (Ha 3TOT pas om HOCJAENHUH) B
HaMaTelBaeM €ro BAOJb A Kak MOKAa34aHO Ha puc. 50(n). B urore
II0JyHMaeM HOBEPXHOCTb HA pHC. 50(p), comepxamyio CBHCAIOUIHH
AHCK ¢ rpanuned a'c. Bepem nocuennuii SKSeMILTsIp pebpa @ U
CHOBA NOBTODsIeM HAaMOTKY, NOKA32aHHYIO Ha puc. 50(c). B pesy.n-
Tate moJyyaeM MOBEPXHOCTb Ha pHC. 50(1) c¢ mewkowm, rpammueir
KOTOPOro sBJIACTCH @ M KOTOPHIA COAEPIKHT ABIPKY C TpaHuLeH c.
Ha nocnesnem mare pacrarmpaem CTOPORY ¢, PasiyBaeM HBIPKY H
AOCHBAEMCSI TOTO, UYTO MeIIOK IDEBPALIACTCS B y3KYIO IOJIOCKY,
corsirpBaromyio A (puc. 50(y)). Iocrpoennast namu HEIpephIBHAS
AeOpMaIHs Pa3Pe3aHHON IIeHKH X 3aMeyaTeJbHA TEM, YTO Te-
€Pb IUICHKA COCTOHT M3 YeTHIPEX Y3KHX NOJOCOK, COELHHEHHELX B
ONHOH TouKe 6° H PACIOJOKEHHEIX B IIPOCTPAHCTBE BAOJb OKPYHK-
HOCTH A, B HEMOCPEACTBEHHON GJH30CTH OT Hee. Teneps Bce pebpa:
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[Tlpnumep Anamca

4 ODHEHTHPOBAHBI B OJHOM HAaNpaBJEHHH OTHOCHTEJBHO A M Bce
peGpa b TakKe ODHEHTHPOBAHBEI OAMHAKOBO, B HANDABJeHHH, IPO-
THBONOJIOKHOM HaNpaBJeHHI0 peGep a. JIBa pebpa ¢ Takke OpH-
CHTHPOBaHbl OAHHAKOBO (B HampasieHuu a). Tak Kak Bce pebpa
OJHOTO THIIa OPHEHTHPOBAHLI ONHMHAKOBO, TO MEPEXOAMM K 3aKJIO-
unTeJbHOMY 3Tany. CTaruBaeM KaxKAYI0 H3 YeThIpex MOJIOCOK Ha ee
OCb, CPEAHIOI0 JHHHIO, U MNOJyYyaeM YeThipe OKDYXKHOCTH Ha

74

x
Puc. 50(y), (d) Puc. 50(x)

puc. 50(d), KOTOpHIE OMAHHM H TEM Ke CIOCO00M 0TOGpaxkaeM Ha A.
[TocTpoeHHO® 0TOOpa’KeHHEe HENPEPBIBHO BCJIEACTBHE COIJIACOBAHHO-
CTd BCex pebep OJAHOrO THIA HAa NOBEPXHOCTH puC. 50(y). DTUM H
3aBeplIaeTcss NOCTPOEHHE HCKOMOH peTpakuuu. ToT XKe MeXaHH3M
ZIEACTBYeT W B CJyyae, KOIJa MBI pacCMaTpHBaeM CyMMY He ABOMi-
HOTO M TPOHHOrO JHCTOB MebHyca, a CyMMY p-KPaTHOTO H g-Kpat-
HOTo JHCTOB Mebuyca, rae 4HCJIa p H ¢ B3aHMHO-POCTH. Harmsa-
HOe Hu300parkeHHe DeTPAKLIHH B IPHHIHIE COXpPaHsSeTcss, OAHAKO
n00aB1geTCsl HaMOTKa OKDYMKHOCTEH @ u b CO CTeNeHSMH m H n
Ha OKPYXHOCTb A, IIe WHCIAa m W N TaKOBH, YTO mMp — ng=1.
5Ta HaMOTKa YCJOXKHSET TeOMETPHUECKYIO KapTHHY, HO He MEHSET
[DHHIHNA IIOCTPOEHHS PETPAaKIHH.

B sakaiouenne npHBefeM UepTEXK, MOKA3HIBAIOUIHH, KaK pacmpe-
JleJIeHbl Ha IJIOCKOH obsacTH k2 (Kosbuo ¢ rpanuuedi A-+3a-+2b)
nipoo6passl Touek A. Paccmorpum Touky x w3 A, u mycts f— per-
pakuust X Ha A. PaccMoTpum mouHBi npooGpas f~!(x). On sBas-
eTCs CHCTEMOH HeNnpephBHBIX AYTr B Koabue k2. Ha pnmc. 50(x)
BEIOpAHBI 4 TOUKH X, Y, 2, @ Ha A, H IJs KaXkIOH H3 HHX HAPHCO-
BaH IOJHBIH Npoo6pas. OH cocTOHT, BOOOIIE rOBOPSI, U3 HECKOJIb-
KUX KOMIIOHEHT CBSI3HOCTH. [IyHKTHpD NOKa3blBaeT CKJIEHKY Tpaek-
TOpHH, NpHHAJeRalUX OXHOMY IpPOOOpasy.

[IpuBeneM Takxke BTOPOH mpEmMep AxamMca — MHHHMAaJbHYIO
neHKy X, 3aTArHBaloOUlyI0 KOHTYp A, moxasaHubifl Ha puc. 51(a).
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[1edpopMaLIUOHHbIN PETPAKT

3aMeTUM, YTO pacCMOTPEHHanA NaeHKa He ABnaeTca AedopMaLMOHHbIM
PDETPAKTOM.

nOﬂMHO)KECTBO A Tonosorn4eckoro NnMpoCcTpaHCTBA X Ha3biBaeTcs ,quJOPMHL[M-

OHHbIM PETPAKTOM NPOCcTpaHcTBa X, ec/u CyuecTByeT HenpepbiBHOE 0Tobpaxe-
Hue (romotonusi)

F: X x|[0,1] — X,
Y/AOB/IETBOPSIOLLEE CAEAYIOLMNM TPEM ycoBuam ans aobeix x € X n a € A:
8 Fix 0)=x
Q F(x,1) €A,
© F(a,t)=aVvtel0,1].




[Toumep Agamca

O4HAKO NpuMep YCTOMYMBOU MblIbHOM
NAEHKM,  KOoTopaa  AePpOpPMaLMOHHO
peTparmpyeTcs Ha rpaHuLy,
cywecteyeT([1]). OH npeactaBaeH Ha
DUCYHKEe  cnpaBa. [paHuMUa  TaKwxKe
rOMEeOMOPPHA  OKPYKHOCTM,  OAHAKO
MHOECTBO 0CODbIX TO4YEK YCTPOEHO
C/IOXKHeEe.

[1] PomeHKo, A. T. Tonono2u4eckue 6apuayuUoHHbIE
3g0ayu / A. T. ®omeHKo. — Mockea : N30-80 MocK. yH-ma,
1984. - 216 c.
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2. Kamezaopua /lrocmepHUKQ-
LIIHUpesneMaHa U 2unomesa

[lyaHKape 0 mpex eeo0e3uvecKux.



[unoTtesa [lyaHKape

B 1905 roay Beankun PpaHLy3CKUM
matemaTuk AHpu [lyaHkape (1854-1912)
BblABMHY/T TMNOTE3Y O TOM, YTO Ha /t0HOM
rnagKomn BbIMYK/10U MOBEPXHOCTMH,
roMmeomopPHon chepe, ecTb XoTa bbl Tpu
3aMKHYTble reoe3nyeckume.




[unotesa [lyaHkape

OTKyZa B3AJ1I0Cb YMC/IO TPU B 3TOM
rmnoTtese? [leno B TOM, YTO AOAT0€e
BpeEMSA CYMTANIOCD, 4To Ha
SNAMnconae, y KOTOPOro JAJIMHb
BCEX  OCEM  Pa3/IMyHbl,  TaKUX

reoZ1e3nYecKkmMx POBHO TPU — 3TO
TPU ero «3KkBaTopa», T. €. Tpu
ceyeHms 3NMNConaa

ROOPANHATHBIMW TMTNOCKOCTAMMN.



[unoTtesa [lyaHKape

B obwem Bnae ata npobaema A40AT0
OCTaBanachb HepeLweHHOMN.
3aHMMAINCb €0 MHOrMe BUAHble
yyeHble. KpynHemwunm maTemaTuK
XX Beka [lasua [unbbept (1862-
1943) nucan o6 3ToM 3aja4vye B
CBOEW KHUre «HarnaaHas
reomeTpusa», CO34aHHOW B
coaBTopcTse ¢ C. 3. KoH-PocceHoM.



[unoTtesa [lyaHKape

Eto 3aHMMancs oamMH M3 OCHOBaTeNeM
obwen Tononorum Masen Camymnosmy
YpbicoH (1898-1924).

Masea Camyunosuu Ypoicon (1898—1924)



[MnoTte3a [lyaHkape

B 1930 roay rmunote3a [lyaHkape, HakoHel, bOblna AOKa3aHa. 3TO CAEeNanM COBETCKME
matemaTukn Jlazapb ApoHoBuY JltocTepHuK (1899-1981) wn  JleB [eHpuxoBud

LIHnpenbmaH (1905-1938).




RaTeropuu JlioctepHuKa-LLIHUpenbmaHa

,B,J'IFI 2TOI0 OHMU pa3pa6OTam/| HOBYHO TEOPUKO TOMOJTOTNUHECKMNX MeTOL0B B
BAPWNAUMNOHHbIX 3ad4aX - KaTelropnn ﬂl-OCTGpHVII-(a-LUHI/IpefIbI\/\aHa.

[lyctb X — xaycgopgoBoO TOMosorn4eckoe npocTpaHcTBo. Kareropueii
Jlrocrepruka-LLnnpensmana npoctpaHcTBa X Ha3bIBAETCS MUHUMAJIbHOE YUC-
J10 3aMKHYTbIX MOAMHOXXECTB X, KOTOPbIMU MOXHO MOKPbITb 3TO NMPOCTPAHCTBO,
M KaXK[]0€ N3 KOTOPbIX MOXET ObITb HEMPEPBLIBHO CTSIHYTO B TOYKY no X.




RaTeropuu JlioctepHuKa-LLIHUpenbmaHa

[lo nereHae u3HadanbHO OblA BapuMaHT onpeaeneHus
KaTeropuu co CTArMBaeMOCTbIO Ka*KaA0ro nogMHOXECTBA
no cebe (obosHauatoT catyX). OOHAKO MNOYTM Cpasy
CTaN0 fACHO, 4YTO TaKadA BeAUYMHA He ABAAeTCH
rOMOTOMUYECKUM MHBAPUAHTOM.



RaTeropuu JlioctepHuKa-LLIHUpenbmaHa

PaccmoTpum NPOCTPaHCTBO X,
npeacTaB/ieHHOe Ha KapTUHKe C/1eBa, a
MMEHHO chepy C TPEMSA CKNEEHHbIMMU
Toukamu. OHO He cTAarmBaeTca no cebe B
TOYKY, a 3Ha4YUT, B 1t0OOM BapmaHTe
onpeaenenua catX > 1(catyX > 1).
Pa3obbem X Ha ABa NOAMHOMECTBA, KakK
NOKA3aHO Ha pPUCYHKe. B KavecTtse
NepBOro NOAMHOeCTBa Bbibepem Tpu
KOHYCa, CO CKNeEeHHbIMN BEpPLUMHAMMK(HA
PUCYHKE OHW 3aKpalleHbl 3e1eHbIM
LLBETOM), @ B Ka4ecTBe BTOPOro - ANCK
6e3 ABYyX TOYEK, OCTaBLUMMCA MOCAe
«OTpe3aHnA» KOHYCOB.




KaTeropuu JlioctepHuka-LLUHMpenbmaHa

L)
D

Ob6a 3TUX NOAMHOKECTBA CTAMMBAOTCA B TOYKY MO X.
[1eNcTBUTENbHO, KOHYCbI CTATMBAKOTCA B ODLLYHO BEPLUMHY MO
cammm cebe. [INCK e cTArMBaeTcA B OYKeT ABYX OKPYKHOCTEM Ha
X, KayKAYH0 M3 KOTOPbIX Mbl MOXEM «MPOTALLUTE» Yepe3 TOYKY
«CKNEMKM» N CTAHYTb B TOYKY, KaK MOKa3aHO Ha PUCYHKe CaeBa.




RaTeropuu JltoctepHuKa-LLIHUpenbmaHa

Takmum obpa3om, KaTeropms
JltocTtepHuKa-LLHmMpenbmaHa X (B
KN1aCCUYECKoM onpeeneHmnmn) paBHa 2.
3aMEeTUM, YTO ANCK Be3 ABYX TOYEK He
cTArMBaeTca no cebe B TOUKy. A
3HAYUT, YTODbI NONYYUTL pa3bueHue,
KOTOpOE YA0BAETBOPAOT APYroMy
BApWaHTy onpeaesieHna KaTeropuu,
NPUAETCA Cam ANCK Pa3bnTb elle Ha
[Ba NOAMHOXECTBA, Kak MOKa3aHo Ha
PUCYHKe(«KpacHaa» 1 «benaa» 4yacTu
amcka). Tem cambim, catyX = 3.




RaTeropuu JlioctepHuKa-LLIHUpenbmaHa

Teopema

[Nycte X siBnsietcs byketom n npoctpaHcts, T.e. X = X1V..VX,, rage Xj, 1 < j <

n, — xaycaopgoBbl Tonosaorudeckue npocTtpaHcTea. lTorga catX = max catX;.
1<;<n

o




RaTeropuu JltoctepHuKa-LLIHUpenbmaHa

3aMeTnM, YTO Halle NPOCTPAHCTBO
rOMOTOMMYECKN IKBUBASTIEHTHO
OyKeTy ABYX OKPYHKHOCTEN U
chepsbl. KaTeropma Takoro byketa
paBHa No Teopeme catX =
max{catS?, catS?*} =2 #
catyX = 3.

Takum obpa3om, 4ToObI KaTeropms
Obl/1a FOMOTOMMYECKMM
MHBAPMAHTOM, HEJOCTAaTOYHO
pa3bnBaTb NPOCTPAHCTBO Ha
NOAMHOXECTBa, CTArMBaeMbIe B
TO4KY no cebe.




RaTeropuu JlioctepHuKa-LLIHUpenbmaHa

OTMETUM, 4YTO ecnu YBE/IMYNTD

KOZIMYeCTBO «MeTe/ib» B -;.
PAaCCMOTPEHHOM \

MPOCTPAHCTBE, TO KaTeropms
Mo npexxHemy byaeT paBHa

IS
ngym. PasbueHne Ha aga
NOAMHOXecTBa byaet I \\ / ‘
VCTPOEHO TaK »e: HECKObKO
KOHYCOB CO CKNEEeHHbIMM

£
BEPLUMHAMM, U ANCK Be3 cat=2

KaKOro-TO YMCNa TOYEK, ,‘\
KOTOpPbIN CTArMBaeTCcA No X B

TOYKY TEM Ke cnocobom (cm.
PUCYHKN).




[1BymepHble NOBEPXHOCTU B TPEXMEPHOM NPOCTPaHCTBE

CneBa npeacTtaB/sieHa oaHa U3 KapTuH A. T. DoMeHKO
«[1BymepHble MOBEPXHOCTN B TPEXMEPHOM
npocTpaHcTee». CnpaBa BUAHbI Chepbl - NpocTenLlmne
2-MHoroobpasusa. CneBa, Kak NCTbA TMIraHTCKMX
NanOPOTHMKOB, BbIPACTAOT MPOEKTUBHbIE MOCKOCTM.
Hasepxy - Top, "6bybaunk". Ha nepegHem nnaHe - ANCT
Mebwuyca, B B1UAe "CKpeLLeHHOro Konaka' . 34ech e
- ABYMEPHble NOBEPXHOCTN OOAbLLIOIo poaa, T.€.
cdepbl C DONBWNM YNCAOM PYYEK. A TaKKe - ABe
MOBEPXHOCTU, HE ABAAOLMECA MHOTO0OPa3nAMM.
3TO - cPepbl C TPEMA OTOXKAECTBAEHHBIMU TOYKAMMU,
Te CaMble NPOCTPAHCTBA, KOTOPbLIE Mbi
pacCMaTPMBAIM Ha MpeablayLmnx cananaax.
[Tony4yaeTca HEYTO MOXOXKEe Ha MOPCKOE *KUBOTHOE.




Teopema JltoctepHuKa-LLIHUpenbmaHa

[lycte M — cBsizHoe rnagkoe mHoroobpasue, n f — rnagkas ¢yHkuyms Ha M ¢

n3ompoBaHHbIMu Todkamu bucpypkauun. lycts () — Konm4ecTBo 3TUX TOYEK.
Torga p(f) > catM.

Teopema BepHa B bosee obuiem caydae, a UMEHHO:
[Myctb M - «xopolwee» TOMNOAOrMYeCcKoe MPOCTPaHCTBO, a f -

HenpepbiBHAA QYHKUMA Ha M C  M30IMPOBAHHbIMW  TOYKAMMU

budypraumm. Toraa KOAMYeCcTBO TOYEK DUPYPKALMM OLEHMBAETCA CHU3Y
KaTeropmen npoctpaHcTea M.



KaTteropus s npobneme lNyaHKape

[MnoTte3a [lyaHKkape Oblia AoKa3aHa JltocTepHUkom 1 LHMpenbmaHom
Ha OCHOBe npeablayllen Teopembl. B kKayectBe M Hago pPacCcMOTPETH
beckoHeyHomepHoe npocTpaHcTBO QM BCcex metenb Ha M (netns - 310
HenpepbIBHOE OTObparkeHne oKpyKHOCTK B M). B KauecTBe f HaA0 B3ATb
PYHKUMOHANA AAWHbI NeTenb. Toraa To4dkm 6budypkaumm f - 370
3aMKHYTble reoaesmnyeckue.

OnycKkas Ba)kHble aeTann chopmyampyem cyTb Jaena. Ecam M
romeomopdHO chepe, TO, KaKk OKasbiBaeTca, Kateropma QM He meHblue,
4yem 3. TO eCTb Ha BbINYKJAOM ABYMEPHOW 3aMKHYTOW MOBEPXHOCTMH,
roMeomopPHoOM chepe, AENCTBUTE/IBHO CYLLECTBYET He MeHee Tpex
3aMKHYTbIX reo4e3n4YeCcKkmnx, YTO M A0Ka3bliBaeT rmnoTtesy [lyaHKape.



[unoTtesa [lyaHKape

B 1992-1993 ropax, B paboTax aMEePUKAHCKUX MATEMATMKOB
[x. ®p3HKC n B. baHrepT 6bl10 AOKA3aHO, 4YTO HAa CaMOM Jefie Ha
Ntobon rNagKom 3aMKHYTOM BbIMYK/IOM MOBEPXHOCTU CYLLECTBYET HE TPW,
a BECKOHEYHO MHOTO 3aMKHYTbIX reo4e3n4ecKkux.



[unoTtesa [lyaHKape

Ho Kak e OblTb ¢ anauncongom? Beab MHOTME UMEHWUTbIE YYeHble
OblM yBEPEHbI B TOM, YTO Ha anauncomnge mx posHo Tpu. OAHAKO OHM
owmbanmnce.

bonee TOro, cyuwecrtsyer BeCbMa HarAaAHbIM NPUMED YeTBEPTOU
reoes3nyeckon Ha pasHoocHOM anamnncomae. OH noasuaca B 1982 roay
B KHUre B. KanHrenbepra «Riemannian geometry».



YeTBepTan reosiesnyecKkas Ha anamncomae

Bce Buaenn, kak nepeBsaA3blBAtOT KOPODKM C KOHPETamMM: MyCKatoT 4acTb
NeHTbl BHW3Y, MO AHY KOPOOKW, 3aTemM BeayT HaBepX, MO KPblWKe, 3aTem
OMATb CMYCKatOT BHM3 M 3aTEM ONATb HaBepx. [oayvyaeTca MMHUA U3 YeTblpex
YacTenm — ABe NPOTMBOMONOMKHbIE YAaCcTM BHU3Y M ABe HaBepxy . A Tenepb
HaJ0 cAenaTb TO e, HO He Ha MPAMOYTo/IbHOM KOPOOKe, a Ha «KPYraom».




L'|€TB€F)TaFI reoge3nyecCkad Ha aisimrnconae

Bo3sbmem sannmncona, y KOToporo o4Ha 0Cb CUIbHO MEHbLLIE ABYX APYruX. [1OY4TM NAOCKUN.
Ob603Ha4YMM KOHUbI ANMHHbIX noayocen A, B, C, D. CoeanHmnm A n B KpaTyanLien amHmnen,
MAYLLEN MO MOBEPXHOCTM 3AAMNCOMAA. TaK KaK 3NAMNCONA, NOYTM NAOCKUIN, 3Ta INHUNA
bynet 6/11M3Ka K oTpe3Ky AB 1 yK TOYHO He ByaeT nATh NoO 3KBATOPY, MOTOMY YTO AJINHA
[y aKkBaTopa bonblle oTpe3Kka AB. Temepb npoBeaem TaKyto ke ayry AD no HUKHeN
CTOPOHe annmnncomaa. anee nyctum Takyto e ayry DC no BEpXHEN CTOPOHE M 3aKOHYUM
ayron CB ¢ HUXHEM CTOPOHbI. Mbl MOAYYMUAN 3aMKHYTYIO JIMHUIO, COCTOALLYIO M3 YeTblpex
paBHbIX Ayr. OHa 1 byaeT reoge3n4yeckon.



Yyneca cayyatotca!

Tem yansutenbHee, YTO MHOTMe AeCATUAETUA HUKTO He AoAYMaaca A0
3TOro NpuUmepa. M HUKTO, BKAKOYAA KPYMHEMLINX MaTEMATUKOB XX BEKa

— [lyaHKape n mnbbepTa, HE AOMYCTUA MbICAW, YTO HA SAAMNCOMAE
MOXKeT ObITb YeTBepTana reogesnyeckasn. Yyaeca caydatorcs!



3. JIoKasibHO eoMos102uYecKulU HeceA3HbIU
Z2-KOMNseKC, HO C Hysn1eabiMu 1-mepHbIimU
U 2-MepHbIMU 20MOsT02UAMU.



J1oKanbHaA romosornyeckana CBA3HOCTb

YT0bbI PaCCra3dTb O Cc/eayroem TOornos1Iorm4eCKkom «4yyae», BBeAeM
ciegyroulee ornpeagesieHne.

Tononornyeckoe npocTpaHcTBo X Ha3bIBAETCS JIOKAJIbHO FOMOJIOrM4Y€CKN CBSI3-
HbIM B pa3MepHOCTU n B Todke x € X, ecanm ans noboii OTKPbLITON OKPeCT-
HocTu U 3TolM TOYKM CyLUecTBYeT Takasi MeEHbLUAasi OTKPbITasi OKPecTHoCTb V
(x € V C U), yto uHgyumpoBaHHbIli BaoxeHuem i : V' — U romomopgpusm
rpynn romosaoruii i : H,(V) — H,(U) siBasieTcs HyneBbim.



J1oKanbHaA romosornyeckana CBA3HOCTb

MHTEpeCcHO, 4TO CYLEeCTBYHOT TMPUMEPbl MPOCTPAHCTB, KOTOPbIE
JIOKaNbHO ABAAKOTCA TOMOJIOTMYECKM HEe CBA3HbIMW, B TO BPemMs Kak
rnobasbHO YCTPOEHblI A0BOJIBHO MPocTo. OAMH M3 TakMX MPUMEPOB
M300parkeH Ha KapTuHe AHaToama TumodpeeBmnda PomMeHKo.



CTpyKTypa yCTpoeHa TakMm 00Opa3om: Mbl
bepem KOHEYHbI KOHYC M €ero BepLUNHY
NPUKIEMBAEM K OCHOBaHWUIO. B pe3ynbraTe
0/Ha n3 0bpa3yroLLmX KOHYCa
«CBOPaA4YMBaETCA» B OKPYXHHOCTb. K Hel mbl
NMPUKIEMBAEM  OCHOBaHME  CAeaylowero
KOHyca W 3aTem MNOBTOPAEM oOfnepauuto.
[fpogosKaem KOMMIeKC B 06e CTOPOH®I,
MOCTEMNEHHO CyXaA OKPY*KHOCTK. [lonydyaem
LEenoYyky, MMElWyo ABa  «KOHUA» -
npegenbHble  Toyku. O6pasHO rosops,
NoAmMaap cKaeeH M3 OECKOHeYHOro 4mcna
"pakoBMH". OCHOBaHME Ka)KAOW PAKOBUHDI
3aKNeeHo "3aBuTROM" cneayoLen
PAaKOBUHbI. [To Mmepe NPUOAMIKEHNA K ABYM
0coDbIM  TOYKAaM MOAM3ApPAE, PAKOBUHBbI,
KOHEYHO, YMEHbLIAtOTCA B pasmepe.




OnncaHHbIN Noan3ap n3obpaxKeH Ha elle 04HOM
3ameyaTenibHOM KapTnuHe A. T. DoMeHKo
«Tononornyeckmm 3oonapk». Cnpasa BBEPXY
3pUTENb BUAUT OMOPUCTUYECKYIO CLIEHKY.
"OXKMBLWMKA NOAM3AP" Pa3BaAMBAETCA Ha CBOM
COCTaBHbIE YaCTW - PAKOBUHbI-CKOPTMMUOHbI.
M30rHyTbIM K FO10BE XBOCT 'CKOPMMOHA" HarnaaHo
MOAEeNNpPyeT KOHCTPYKLMIO MOAM3APa. XOPOLWO
BMAHO - KaK MMEHHO HYXHO CKN1enBaThb
"paKoBUHbI", YTOObI BOCCTAHOBUTL BECH MONIAP.



3aMETUM, YTO B IEBOM HUKHEM YTy KAPTUHbI, HA
OCBELLEHHOM noWwagKe, n3obparkeHa
MWHMMaAIbHAA MOBEPXHOCTb (MblibHasA NAEHKA),
KOTOpaA ABAAETCA NePBbIM M3 HALWMX Yydec.
HanoMHMM, 4YTO ee rpaHnLeEN ABNAETCA
OKPYXHOCTb, 061343t0LL,asA TEM 3aMeyaTe/IbHbIM
CBOWCTBOM, YTO NNEHKA MOXKET DbITb HEMPEPLIBHO
oTOOpaXKeHa Ha CBOIO rPaHuULLy, 1 MPU 3TOM
rpaHMUQ OCTaHETCA HEMNOABUKHOWM. 3TOT NPUMEP
. ®.Agamca yamBuUTENEH TEM, YTO ABYMeEpPHaS
NOBEPXHOCTb MOAENAMNPYETCA YCTOMYMBOMN Mbl/IbHOM
NIEHKOMN,
3aTATMBAIOLLLEN MPOBONOYHbBIN KOHTYP B
TPEXMEPHOM €BKIMA0BOM NPOCTPAHCTBE.
BrAHO, 4TO 3Ta MMHMUMA/IbHAA MOBEPXHOCTb
NoJsly4aeTca ckanenkom obbivHOro nncta Mebuyca c
TaK Ha3bIBaeMbIM TPOMHbIM AMCTOM Mebunyca.




BepHemca K Halemy noamaapy. 3amMeTum,
YTO NepBble M BTOPbIE TOMOJOIMU 3TOTO
MNPOCTPaHCTBa paBHbl O.

[1ecTBUTENBbHO, BO3bMEM OCHOBaHMe
OZIHOTO M3 KOHYCOB - OAHOMEPHbIN LMK,
[poTaWMB ero no MOBEPXHOCTU TOrO e
KOHYCa, Mbl  MOXEeM  CTAHYTb 3Ty
OKPYXKHOCTb B BepuwKHY. AHANOMMYHO
CMOXeM MOCTYNUTb U C MNPOU3BO/IbHbIM
OIHOMEPHbIM  LUWMKAOM  Ha  Hawem
Komnaekce. Tem cambiM, OAHOMEpPHas
rpynna romonorni TpMBManbHa.

BTopble e TromonorMm npocTPaHCTBA
paBHbl O, MOCKONbKY pPacCMaTPUBAEMbIN
KOMMNAEKC B MPUHUMNE HEe COAEPMKUT
NBYMEPHbIX LLUKMOB.




O4HaKo JIOKA/IbHO TaKOW
KOMMAEKC OTHIOAb HE TPUBUANEH -
OH JIOKA/IbHO TFOMOJIOTMYECKMN He
cBA3eH B  pa3mepHoctn 1!
[1encTBUTENBHO, CYLWECTBYEeT ABe
TOYKW, B KOTOPbIX HapylaeTca
yc/a0BMe JTOKANbHOWM
rOMOJIOrMYECKOM CBA3HOCTU. ITO
TOYKM HAKOMAEHMUA.




[Tpmepbl

CylecTBytoT W Apyrme npumepbl
MPOCTPAHCTB, JIOKa/IbHO YCTPOEHHbIX
CNIOXKHee, Yyem rnodanbHo.

nobanbHO rpaduk ABASETCA CBA3HbIM
MPOCTPAHCTBOM, HO JIOKa/libHO [axe
IMHENHO He CBA3EH. 30€echb
NPOBAEMHbBIMM ABJAIOTCA MHOMECTBO
TOYEK BEPTMKAIBHOIO OTPE3KA.




Yyneca cayyatotca!

OKa3blBaeTcA, rn006anbHO «MPOCTbiE» TOMOJIOTMYECKNE
0OBEKTbI TOKA/IbHO MOTYT MMeTb AOBOJIbHO C/NTOAKHYIO

CTPYRTYPY.



4. [lnamoHo8bl mesia u hpasusibHble
MHO20MepHbIe MHO202PAHHUKU.



[ThaTOHOBbI Tena

Bcem M3BECTHO, YTO CyLECTBYET POBHO NATb NPaBU/IbHbIX MHOTOrPaHHMKOB B
DAa3MEepPHOCTU TPW.

[JTATOHOBBI TEJTA

Terpasup
4 rpann

Honexasp
12 rpanen

8 rpanen
20 rpaxen



MHOromepHble MHOIOrpaHHUKA

A 4TO DyaeT, ecnm yBeNNYNUTb Pa3MEPHOCTL?

POBHO
e Bcero cywecTByeT 6 MpaBu/ibHbIX YETbIPEXMEPHbBIX MHOTOTPaHHMKOB:

e Bo BCex NpPOCTpPaHCTBax pasMepHOCTU n > 4 cywecTBYET TO/IbKO 3 TUNA NPaBu/bHbIX
MHOTOTPaHHUKOB: N-MEPHbIN CUMNAEKC, N-MEPHbIN OKTA3Ap (TMNepoKTasap) U N-MepHbIN Kyo
(runepkyb).




MHoromepHblie MHOrOrPaHHUKMK

\

[laTnadenHuk (nam 4-cumnaekc) —
aHa/ior  TPEeyroabHoMm MUPamMuabl
(TeTpasapa). CocTouT 13 5
TeTPa3APNYECKMNX AYEEK.

S




MHoromepHblie MHOrOrPaHHUKMK

Teccepakt  (Mam  4-rnnepryb) —
aHanor  OObIYHOTO  TPEXMEPHOro

Kyba. CoctouT un3 8 KybU4eckmx
AYeex.




MHoromepHble MHOrOrPaHHUKMK

[Town BpalleHnn Kyba B
YeTblpEXMEPHOM
MPOCTPAHCTBE TPEXMEPHAS
NPOEKLUMA «BPALLAETCA» B
RA3.

{ ”‘” l e




MHoromepHblie MHOrOrPaHHUKMK

lllecTHaALLATUAYENHUK (nnun 4 -
OPTOMJIEKC) — aHaNOr OKTa3apa.
Coctout w3 16 TeTpasapnyecKmnx

AYeeK.




MHoromepHblie MHOrOrPaHHUKMK

[1BaLaTNYEeTbIpEXAYENHUK (nnan
MKOCUTETPAxop) —  VHMKaAbHbIN
YeTbIPEXMEPHbLIN MHOTOTPAHHUK, VY
KOTOPOro HeT aHanoroB B APYrmx
pasmepHocTax. Coctout un3 24
OKTasApUYECKMUX AYeeK.




MHoromepHblie MHOrOrPaHHUKMK

CtoaBaALLATUAYENHUK (nnu
rekaToOHWKOCaxop) — aHanor
noaexkasapa. Coctout w3 120
N0AEeKasApPUNYEeCKUX A4eeK.




MHoromepHblie MHOrOrPaHHUKMK

LlecTMcoOTUAYENHUK (nnun
reKcakocmxop) — aHanor
nkocasapa. Coctout wm3 600
TeTpasApUUYECKUX AYEEeK.




5. Teopema Cabumosa 0b uzaubaemebix
MHO202pAHHUKAX — peweHue npobsemel
MEXO08.



[Tpobnema Ky3HeYHbIX MeXOB

ObblYHbIE Ky3HEYHble mexa (A415 pa3ayBaHUA OrHA) AN Mexa
aKKopAeoHa paboTatoT MOTOMY, YTO UX CTEHKM cAeNaHbl U3 MATKOW

KROXUN UTTN TRAHMN.

/il

LY, '




[Tpobnema Ky3HeYHbIX MeXOB

Koraa mbl UX CKUMAEM, KOXa CMUHAETCA, BHYTPEHHUIN OOBEM NAJAET, U
BO3/4yX C CMN0OM BbIXOAMT HAPYHY.




[Tpobnema Ky3HeYHbIX MeXOB

Korga B 1977 roay amepuKaHCKM matematmk PobepT KoHHennu
BMNEpBble MOCTPOMA 3aMKHYTbIM  M3rMbaemblt MHOTOrpaHHWK 6e3
cCaMonepeceyeHni, y4eHble cpasy obpaTuamM BHMMAHME Ha CTPAHHYHO
NeTanb: Kak bbl 3TOT MHOTOrpaHHWK HM M3rnMbanca, BU3yasbHO Ka3aaocCh,

4YTO 0O6BEM MHOTOIMPadaHHMKa HE MEHAETCA.

To e camoe MOXHO CKasaTb M NpOo Apyrne npumepbl M3rnbaembix
MHOTOTrPaHHWKOB, MOCTPOEHHbIX LUTeppeHom n bprkapom.




MHororpaHHuK LUTedpdpeHa




MHororpaHHUK bpuKapa




[Tpobnema Ky3HeYHbIX MeXOB

BO3HWKA r’MMOTE3a, YTO U3 KECTKUX N1aCTUH
Ky3HeYHble mexa (Man basaH) caenaTb PU3NYECKU
HEBO3MOKHO.

To ecTb Npu U3rMbaHMM HEBbLIMYKAbIX MHOTOrpaHHWKOB
X 0bbeEM (060OLLEHHbIN 0ObEM) OCTaeTcH
MOCTOAHHbIM.



Naxkan Xakosuny Cabutos

To4yKy B 3TOM BONpoOCe B
1996 roay nocTaBua
npodeccop MexaHUKO-
MaTEMATUYECKOTO
dakynbTeta MY Noxkan
Xakosu4y Cabutos. Bot
ero 3HaMeHuTas
Teopema.




Teopema Cabutosa

Teopema 1. /aa 6cexr uzomempuunbly mexcdy coboti cecomempuuecrRur MHO20-
* y
2PAHHUKO6 MOICHO YRA3AMb HEKOMOPHLIT MHO20UAEH

Q(V) — 1__;25\" + aﬂf‘?N_E + -4 ay, (1)

* %
6 KOomopom HOS@QSU"L{UGHTRM a; 3asucAm om MmMempuru MHOZO0ZPAHHUKO P u ezo

HO:)I‘L6’UHCHHOPHO?O CIMMpPoOCHUA, maxkot umo O606’H{-€HHblﬁ obvem K-'G.Z)K’()OE.’O MHOCO=
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O606LEeHHbIN 06BEM MHOTOrPaHHMKaA

IlycTh y Hac ecTh OpUEHTUPOBAHHBIN MHOTOTPpaHHUK. BriOepeM B 1po-
cTpaHcTBe TOUKY O U K KaKJ0i 'paHU «IPUCTPOUM» TETPasAp C BEpPIIU-
HOU B Touke O (puc. 18, 3xech TeTpasap «npuctpoeH» K rpanu ABC).
Il KaKa0ro TeTpaszpa onpeieJIEH OpUeHTUPOBAHHBIN 00 bEM. Q000w éH-
HblM 003EMOM OPUCHMUPOBAHHO20 MHO202DAHHUKA HA30BEM CYMMY 3THUX
00b€éMOB TeTpasApoB. VcCronb3ys NOHATHE CMEIIaHHOT'O IPOU3BEIeHUs
BEKTOPOB, MOKHO MOKa3aTh, YTO 3Ha4YeHHUEe 3TOro o0001EHHOro oo’béMa

Puc. 18

He 3aBUCHUT OT BbIOOpa Touku O (J151 3TOr0 ¥ HY»KHO TpeboBaHUe 00 OpueH-
TUPYEMOCTH MHOTOIPaHHUKA). 3aMeTHUM, UTO, €CJIM MBI BeIOepeM TouKy O
BHYTPH BBINYKJIOTO MHOTOTPAHHMKA, TO 00'bEMBI BCEX TETPas3apoB OYAYT
OJTHOTO 3HaKa, U 0000IIéHHBINA 00'BEM B JaHHOM cJiydae Oy/eT cOBIIaJaTh
110 MOAYJIIO ¢ OOBIYHBIM 00béMOM. OKas3bsIBaeTcsa, 3TOT (paKT BepeH MJIis
JI000ro MHOrorpaHHuKa 6e3 camonepeceuyeHuu.



NonnHom Cabutosa

OTMeTrM, 4YTO CTeneHb AAaHHOro NOIMHOMA CTPEMUTE/IbHO PACTeT C YC/IOXKHEHMEM
KOMOMHATOPHOIrO CTPOEHMA MHOrorpaHHWKa. Hanpumep, B caydyae TeTpasapa
nonmHom CabutoBa BblpoKaaeTca B Gopmyay [epoHa-dnnepa. [lo cytm, 3TO
VPAaBHEHME OTHOCUTENbHO KBaJpaTa obbema, TO eCTb CTeneHb NOJMHOMA PaBHa 2.
[lna oKkTasgpa npeasBapuTenbHaa oueHKa Ha cTteneHb NoanHoma coctasaana 1024, 1o
ectb 2N < 210 Mosske B coBmecTHOM paboTe A. B. ActpennHa u W. X. Cabutosa([1])
Obl1O CTPOro A0Ka3aHO, YTO peasibHaA MUHMMAJIbHAA CTEMeHb 3TOro NoAMHOMA ANA
OKTasgpa pasBHa 16. OgHako MoaAyyYMTb NOAMHOM B OYKBEHHOM Buae A4
MPOM3BOJIBHONO OKTasapa (Bcero 12 pébep-nepemeHHbix) — 3TO 334ava,
neperpyxatoLian KOMMbIOTEPHYIO NamATb n3-33 TMraHTCKOro obbema
MPOMEXHKYTOUYHbIX BbIPaKEHUMN.,

[1] AcmpenuH A. B., Cabumos U. X. MuHumanbHbIl No cmeneHu MHO2047€eH 0715 onpeodesneHus
obvema okmasdpa no e2o mempuke // Ycnexu mamemamuyeckux Hayk. — 1995. — T. 50, evbin. 5

(305). — C. 245-246.



NonnHom Cabutosa

Ecnn »ke nonbiTaTbCA NOCTPOUTb KaHOHMYecKui noamHom Cabutosa ana
MPOM3BOJIBHOIO MKOCasgpa, TO €ro TeopeTuyeckasa cTeneHb byaeT
MCYMCAATBCA COTHAMM TbiCAY. ITO MPOUCXOAUT M3-3a TOrO, YTO METOo.,
KOTOPbIM MCNONb30BaJICA AN1IA NOCTpoeHnA noamHoma CabutoBa B ero
paboTe, NPUBOAUT K IKCMNOHEHLMAAbHOMY POCTY CTENeHW M YMCAa
cnaraemblx.



NonnHom Cabutosa

ObpaTMM BHMMaAHME Ha TO, YTO noanmHom CabutoBa mmeeT 2N KOpHeW
(MX KOAMYecTBO pPaBHO cTeneHu noanHoma). OAMH U3 HUX eCcTb 0DbEM
MCCAeyeMoro MHOTOrpaHHMKa. Kakow e reomeTpuyeckuim CMbICA Y
OCTa/IbHbIX KOpPHEN?

MuorouyneH CabutoBa 3aBUCUT MUCKAKOYMUTENBHO OT ABYX [PYNM
NapameTpoB: KOMDOMHATOPUKM (CXeMbl COEANHEHUA TPaAHEN) U METPUKN
(0nmH  pébep). [loCKONbKY 3TKM  AaHHble He 3a4atoT  (Urypy B
NPOCTPaHCTBE O4HO3HAYHO, HEKOTOPbIE M3 OCTABLUIMXCA KOPHEW 3TOro
MHOro4Y1€Ha ONnMCbIBatOT OOODLEHHbIE OBBEMbBI BCEX TEOPETUYECKM
BO3MOMHbIX CNocoboB peanmM3aumm OAHHOrO MHOFOrPaHHMKa B
npocTpaHcTBe. OAHAaKO B 0OWEM C/ay4yae He BCE KOPHM MOJIMHOMA
COOTBETCTBYIOT OOBEMAM  pPa3HbIX KOHPUIypaunmnm M30OMETPUYHbBIX
MHOFOrpaHHMKOB.



NonnHom CabutoBa

BelwlecTBeHHble HeOTpULATE/IbHbIE KOPHWU COOTBETCTBYIOT M30OMETPUYHbIM
peannsaumam (gpyrum OuUsnYeckum cObopkam M3 TOW e Pa3BEPTKM)
MCXOAHOrO MHOFOrpaHHMKa NN 0600WEHHOMY 0OBEMY
camonepeceKaroWmMxcs MHOIMOrPaHHMKOB, KOTOPble KOMOWMHATOPHO W
MEeTPUYECKN dKBMBANEHTHbI ncxoaHomy ([1],[2]).

KomnsieKkcHble KOPHM MOTYT COOTBETCTBOBATb MHOTOrPaHHMKaM, KOTOpbIE
MOXHO Obln0 Obl MOCTPOUTH M3 3TUX PEDEep, ecnm Obl KOOPAMHATHI WX
BEPWMH  BbIParKaaMCb  KOMMIEKCHbIMU  4YMuCinamun.  [eoMeTpuyecKu
peann3yembiMm MOTYT DbITb TONIbKO BELLECTBEHHbIE KOPHM ([1]).

HeKkoTopble oTpuLATENbHbIE BELWECTBEHHbIE KOPHM MOTMYT COOTBETCTBOBATH
TOW e CaMON reoMeTpuYeckom peanmsalmm MHOTOrpaHHMKOB M3 NepBOro
MYHKTa, HO C MPOTMBOMOJ/IOKHOM OpMeHTaumen B npoctpaHcTee ([3]).

CnncoK nnuTepaTtypbl NPUBEAEH Ha CAeaytoLLeM cnanaie.



NonnHom CabutoBa

Takmum o0bOpasom, reomMeTpmyeckMim CMbICT BCEX KOPHEM MHOrodysieHa B obuem
C/ly4ae OCTaeTcs Hem3BecTHbIM. OgHAKOo cpean HMX TOYHO eCTb 3HaYeHMA 0OBHEMOB
BCEX peanmn3aumm (B TOM YMCe, KOMMIEKCHbIX) METPUKM JAaHHOIO MHOTOrpaHHMKa.

[1] ActpenmH A. B., CabutoB M. X. «KaHOHWMYECKMM MHOroyneH Ansa ob6bbEMA
MHOrorpaHHmKa» // Ycnexm matematmyeckmx Hayk. — 1999. — T. 54, sbin. 2(326). —
C. 165-166.

2] Muxanés C. H. «/3omeTpuyeckmne peanmsaumm okTasapos bpukapa 1-ro n 2-ro

TUNa C M3BECTHbIMMU 3HaYeHUAMM 0b6bEéMa» // PyHAameHTanbHaA M NPUKNaLHas
matemaTunka. — 2002. — T. 8, Ne 3. — C. /55-768.

[3] Cabwutos . WN., CabutoB WN. X. «KaHOHMYecKMe MHorodsneHbl obbEMa ANA
MHOIOrPaHHUKOB KOMOWHATOPHOro Tuna rekcasapa» // CUbupckne sneKTpoHHble
MaTematnyeckme nisectna. — 2017. — 1. 14. — C. 10/7/8-1087/.



CnepncrtBuA

CaeacrBue 1. Muoocecmeo 3Hauenull ob6obueHHblr 00BHEMO6 6CET UBOME-
MPUUHBLE MeHCOY OO0 MHO202PAHHUKOE KOHEUHO.

CaegcrBue 2. O6o6uwennvtii ob6vem uzaubaemo2o MHO202PAHHUKA 6 Tode U3-
2UBAHUA oCcMAEMEA NOCTMOAHHBIM.



[Tpobnema Ky3HeYHbIX MeXOB

NTaK, ecanM MHOTOrpaHHWK AOMyCKaeT HenpepbiBHOE uM3rnbaHue
(nepopmaumio, NPM KOTOPOM ANNHBLI BCeX ero pébep, popma rpaHen u
KOMDWHATOPHAA CTPYKTypa OCTatoTCA HEeM3MEHHbIMKM), TO B mpoLecce
3TOro M3rnbaHma KoapdpuumeHTbl B nosmHome CabuToBa OCTatOTCA
MOCTOAHHbIMW. 3TO 3HA4YUT, YTO MOCTOAHHbIMKM OCTAOTCA U KOPHWU
noaMHoma. Ho Torma B cumay Teopembl CabutoBa M OOBEM
MHOTFOrpaHHMKa OCTAaeTCA HEM3MEHHbIM.

[MnoTe3a oka3anacb BepHou!!l CaenaTb Ky3HEUYHble Mexa nMaun xe basaH
M3 KECTKMX NNACTUH HEBO3MOMXHO!



ObobuweHne Teopembl Cabutosa

B 2012 roay AneKkcaHap AnekcaHAapoBUY
[andynnmMH  O0Ka3an npsamon  aHanor
Teopembl CabutoBa A1 MHOMOrPaHHUKOB
MPOM3BO/IbHOW PAa3MEPHOCTMU.

Gaifullin A. A. Generalization of Sabitov's theorem
to polyhedra of arbitrary dimensions // Discrete &
Computational Geometry. — 2014. — Vol. 52, no.
2. — P, 195-220.




6. W pewun o0HY U3 npobsaem Ipoewia
Nnpo pewemkry mo4eKk Ha NA0CKoOCMu.



3a4a4uM IpaeLlla

BeHrepckuin  matematnk [lan  3Spaew
(1913-1996) 33 CBOIO KU3Hb
CHOPMYIMPOBAN MHOMKECTBO PA3/TNYHbIX
334a4. BONbLWWMHCTBO M3 HUX OTHOCATCA K
KOMBUHATOPUKE, Teopum rpados,
OVNCKPETHOM reoOMeTpumn 1 TEOPUN Yncen.

B HacToawee BpemA CnNMcok npobiem
dpaewa oPUUMANBHO  OUMPPOBAH U
BeJETCA MaTeMaTUKOM Tomacom baymom
n3 Okcpopaa Ha camnTe
erdosproblems.com. Ha  naatpopme
cobpaHo 6onee 1100 3a3aau.




3a4a4a Idpaella 0 eAUHUYHbIX PaCCTOAHUAX

dopmaibHO: ycTh ¥(F) — 3T0 4nC/I0 HeynopsJ0YeHHbIX [1ap ToYeK u3 P C R2, Mexxay
KOTOPBIMM PAaCcCTOsIHME COCTABJISAeT POBHO 1 (371eCh, KOHEYHO, He BayKHO, eIUHULIE WU
nr6omMy IPYyroMy YKUCIy OHO PaBHO), U IIYCTh

v(n) = max v(P).
|P|=n

Kak BeféT cebs v(n) mpy OONBIINX 7, ¢

Ham noHapobAaTca chegytowme o603HaYeHUA:
 ()(e) - BEAMUYMHA, pPACTYLLAA HE MeJ/IeHHEee, YeM BblparKeHMe B CKOOKax (orpaHuYeHmne CHU3Y);
 O(e) - BeanumHa, pacTyLLan He DbicTpee, Yem BblparkeHue B CKoDKax (orpaHndeHmne ceepxy);

* 0(1) - beckoHeYHO Masias BEeAUYMHa.



OueHKu

e Mandpaew (1946 roa): v(n) <= O(n”"2)

* [Man dpaew (1946 roa): v(n) >= Q(n)

* [an dpaew (1946 ron): v(n) >=n”(1 + C/log log n)
* [an dpaew (1946 roa): v(n) <= O(n”*(3/2))

* JHape Cemepeamn (1973 roa): v(n) = O(n*(7/5))

* Voxed bek (1983 roa): v(n) = O(n*(3/2) / sqrt(log n))

e /10320 CneHcep, IHgpe Cemepeamn, Yunbam TpoTttep (1984 roa): v(n) =
O(n*(4/3))



[unoTtesa Ipaella

v(n) <=n”(1+ 0o(1)),
a ckopee anaxe v(n) <=n”(1+ C/loglog n)
0711 HEKOTOPOUW abCcoNtOTHOW KOHCTaHTbI C.

IHaye rosopsa, IpaeLl cymTan, YTo ero cobcTBeHHas
HUMKHAS OLLeHKa TOYHA C TOYHOCTbIO 10 MeANEeHHO
DACTYLLEro MHOXUTENS.



KBadpaTHble CEeTKK

[lonroe BpemA mMaTeMaTUKM CUYUTANM, YTO
JIYYLLMMA KOHPUTYpaLMAMM ABJIAKOTCA
KBaApaTHble CETKM, KaK Ha PUCYHKe CcnpaBsa.
HYepHble TOYKM — 3TO ynopAaaovYeHHoe
MHOXEeCTBO M3 N TOYEeK Ha MAOCKOCTH,
PACMO/IOXKEHHbIX B y3/71aX 0ObIYHOM KBAApPaTHOM
PEeLWEeTKN. KRaxxdaa NMHMA Ha 3TOM PUCYHKe
MMeeT CTPOro OAMHAKOBYHD TreoOMeTpPUYEeCKYHo
ONVHY, NPUHATYIO 33 eanHuuy. Ha nepBbin
B3r/1A4, KaXkeTcA, YTO JIMHUM MMEIOT PasHyo
ONVHY, HO 3TO WANKO3MA, BO3HMKAKOLWAA M3-33
MaclwTabupoBaHMa. Ha camom aene, Kaxkabln
lWar peweTkn CUAbHO MeHblle eaAWHUUbI, a

umerHo pased 1/Vk, roe k - cneumanbHo
Noao0bpaHHOe YMCo.
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PeweHne A

MW cmor MONHOCTbIO MepeBepHyTb 3TO NpeacTaBaeHMe, 0OHapy*KuMB
HOBOE CeMencTBO GPaKTaNonogobHbIX TrEOMETPUYECKMX KOHCTPYKLMIA C
bonee BbICOKOM MJOTHOCTbIO CBA3eW, npeaocTaBuMB cTporoe 18-
CTPaHWYHOE JOKa3aTeNbCTBO.

B ntore 6611 Noay4eH cneayowmnim pesyabTarT:

Teopema (OpenAl, 2026). Cy1ijecTByeT KOHCTAaHTa § > () ¥ 6eCKOHeUHast
[10CJIeJ0BaTeIbHOCTD HAaTYPaIbHbIX YUCEI 7, /I KOTOPBIX V(1) > nito.



PeweHne A

LinuTaTa:

Bo-nepBbix, O 04eHb ManeHbkada. B OykBa/ibHOM M310XKEeHWUN AOKa3aTenbcTBa GPT B
cbopHMKe kKommeHTapues Alon et al. (2026) ana oAHOro KOHKPETHOro BbIbOPA
napameTpoB nosy4mnochb O = 6,24* 107-38 — 3T0, KOHEYHO, YMCN0, KOTOPOE HEe
MMEET HMKAKOTo 3HAYeHMA 419 PU3NYECKOro Mmpa.

Ho notom Will Sawin nourpanca ¢ napameTpamm 1 Hawén bonee NPUANYHyH
KoHcTaHTy & = 0,014, TO ectb v(n) >= n"1,014. Bnpoyem, NpakTUYECKOro CMbIC/1a 3TOT
KOHTPMNPUMEP BCE PABHO HE MMEET, MOTOMY YTO OH PaboTaeT TO/IbKO 419 OTPOMHbIX
n.

https://sergeynikolenko.ru/blog/gpt-and-unit-distances-erdos-hypothesis
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v(n) (Yncno eaAMHUYHBLIX PacCTOAHWUNA)

PeweHne A

3BecTHbIE rpaHuLUbl AN8 3aa4yM 0 eAUHUYHbIX paccTosHusXx (log-log, BuaHbl 100 NnopsakoB No n).

3a30p MeXxAy TeKyLWMnMn oueHKamMu
TpuBManobHas BepxHaa 0(n?)

BEPXHAA rpaHnua SST-1984: O(n*?)

oueHka dpaéwa (1946): nt *</loglogn

OpenAl 2026 (ynyyw. C3BuHbIM): n'014
OpenAl 2026 (byksanbHasn): n'*%, 6~ 10728

10° 1021 1033 104° 10°7
n (4Mcno To4ek)

1669

1681

1693




PeweHne A

Pazbepemca nonogpobHee. Spaewl Npeanoa0KUA, YTO €ro OLUEHKA CHU3Y
(cMHAA MMHKMA Ha rpaduKe) aCMMNTOTUYECKN ABIAETCA M OLLEHKOW CBEPXY,
AU, UHbIMKW cnoBamu, v(n) npu n — oo npubanxkeHHo pasHo n*(1 + C/ log
log n), T.e. MaKCMMa/NbHOMY KOJMYECTBY €AMHWUYHbIX PACCTOAHUA B
KBagpaTHOW peweTke. OgHako AaxKe Npu CPaBHUTENbHO Manblix (A4
aCMMNTOTMYECKOM 3a4a4M) N Ha rpaPuKe 3aMeTHO, 4YTO BENMYUHA,
nony4yeHHas N npu oueHke CHM3Y (MYHKTUPHAaA NMHKA), pacTeT bbicTpee,
4em BenM4YnHa B oLeHKe Ipaewwa. MNpu A0CTaTOYHO DOAbLWMX N MYHKTUPHAA
JIMHNA nepeceyeT CUHIOW (TO eCcTb KONMYECTBO eAMHUYHbIX PaCCTOSHMUNA
CTaHeT 6osblle, YemM B KBaApPaTHOM CETKE) M MPOAO/KMUT pacTu. Tem
CaMbIM, TMNOTe3a OKa3anacb HeBepHoOW. [lpn n — oo oueHKa W cHu3y
CYLLECTBEHHO NYYllUE, YEM OLLEHKA, NOAYYEHHAA IPAELLEM.



KaKkue 3aga4m moxKeT pewaTtb NA?

B nocneaHee Bpema VW OeNCTBUTENBHO XOPOLWO CRPaBAAETCcA C
BbIYNCINTENIbHBIMMU, anrebpanyeckmmm, KOMOUHATOPHbIMMU,
«nepebopHbIMM» 3adavyamMi, a TaKKe 33aJav4amu No OJMMNMALHOWN

MaTeMAaTUKE.
HO MoXXem Nt Mbl LEeE/TMKOM AOBEPATb NCRYCCTBEHHOMY l/IHTe/'IJ'IeKTy?



Owmnbkun N

[InpekTop No npoayKTam KomnaHum KesuH Bewsnb B CBOEM NOCTE B
couManbHOW ceTn Hanwmcan, 4yto GPT-5 Hawna peweHnsa ana 10 paHee
HEepeLWeEHHbIX 3a4a4 dpaewa n 4obunacb nporpecca eweé B OoAnHHAOLATH.

Konnern Benns nogaeprkanm ato yTBEPKAEHME, CO34aB BNeYaTAeHMe, YTo
MCKYCCTBEHHbIN WMHTENNEKT pa3paboTan AoKa3aTenbCTBa ANA CAOXKHbIX
BOMPOCOB TEOPpUM 4ucen, 4YTo MOrao Obl CTaTb MPU3HAKOM  €ro
CMOCOOHOCTM K CAMOCTOATE/IbHbIM  Hay4YHbIM  OTKpbITUAM. OAHAKO
MmatemaTuk Tomac baym HemeaneHHO OonpoBepr 3TW 3asBAEHMS, Ha3BaB
MX «ApaMaTUYECKMM HEBEPHbIM ToNKoBaHMeM». OH Pa3bACHW/, YTO MO
PaKkTy, GPT-5 nnwb obHapyXuaa yxe CylecTBytolWme Hay4yHble paboTbl, a
He creHepMpoBa/ia HOBblE JOKA3aTENbCTBA.
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