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Teopema Bpayspa (1910, 1912)

Teopema Bpayspa o HenogBu>XHOW TouKe.
V Bcsikoro HenpepeisHoro otobpaxenus f @ B" — B" naiigetcs
HEeMoABuUXHasi Touka x, T. e. f(x) = x.

3aece B™ obosHavaeT n-mepHblii wwap.
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JNlemma LLneprepa (1928)

Teopema

(Nemma LUnepnepa) lpu aroboii LLinepHepoBckoii packpacke
BEPLUNH TPUAHTYAALUN N-MEPHOrO CUMINEKCAa HalAeTcs a4elika
TPUAHTYASLNY, BEPLUNHBI KOTOPOU MOKPALLUEHbI BO BCE LBETA
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2 3 3

Puc.: 2-mepHas nnntoctpauus Jlemmor LLnepHepa
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Hpyroe gokasatenbcteo nemmbl LLinepHepa

McLennan, Tourky (2008) + C. J1. TabauHukos

xo —x1)(y3 — y1) — (y2 — y1)(x3 — x1)
2

area(A) = (
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Hpyroe gokasatenbcteo nemmbl LLinepHepa

p(t) == (x+(a —x)t,y + (b—y)t), p(0) = (x,y), p(1) = (a, b).

area(A, t) - KBaAPaTHbIA MHOTOYJIEH.

5(t) = Z area(A, t)

AeT

S(t) =const=nnowanpb TpeyronbHuka AjArAsz=L1.

1=5(1)= Z area(Spj)

i
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Nemma KKM (1929)

Nemma KKM (Knaster—Kuratowski—Mazurkiewicz)
lTpegnonoxum, 4To d-cumnnaexc A ¢ BepLUNHAMU

A1, A2, ..., Ags1 nokpbiT d + 1 3amkHYTbIM MHOXecTBoM { C;} npn
icl:=1{1,2,...,d+ 1}, tak 4to ecm Iy C | rpans A? ¢
sepiumHamu A;, i € I, To oHa gosxHa bbiTe nokpeita C;, rae

i € l. Torga y Bcex mHoxecTs C; umeetcs obiyas To4ka
rnepeceyeHus.

B yactHocTu, ecan TpeyronbHuk A NOKPLIT 3aMKHYTbIMY
mHoxectsamu Cy, Co, C3 Tak uto A; € G n A;A; nokpeito C; U C;,
10 y BCex MHoxecTe C; umeetcs obuyas Touka.
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New York Times' article: April 28

The New York Times

To Divide the Rent, Start With a Triangle
By ALBERT SUN
APRIL 28, 2014

Last year, two friends and | moved into a small three-bedroom apartment in Manhattan.
We chose it for its relatively reasonable price — around $3,000 a month — and its
convenient location. Just finding it was a challenge, but then we faced another one:
deciding who would get each bedroom.

The bedrooms were different sizes, ranging from small to very small. Two faced north
toward the street and had light; the third and smallest faced an alley. The largest had
two windows; the midsize room opened onto the fire escape.

Every month, unrelated people move into apartments together to save on rent. Many
decide to simply divide the rent evenly, or to base it on bedrooms’ square footage or
perhaps even on each resident’s income.

Butas it tuns out, a is dedicated to studying the subject of fair
division, or how to divide good and bad things fairly among groups of people. To the
researchers, none of the are satisfactory. They have better ways.

After his paper on the method was published, Dr. Su worked with one of his students
Elisha Peterson, to create a calculator to promote fair division.

Need to divide your rent? Try
implementing Dr. Su's method.
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New York Times' article: April 28

Sperner’s Lemma and Rental Harmony

A mathematical theorem called Sperner’s Lemma can be used to divide unequal assets
fairly.

The Problem

Three friends Ashwin, Bret and Chad want to share an apartment.

The total rent is $3,000 but the rooms are different sizes. How can they choose rooms
and divide the rent fairly?

The Solution
This triangle represents every possible combination of prices.

At each corner, one room costs $3,000 and the others are free. Not a good solution.

In the center the rent is split evenly.

At each point, either Ashwin, Bret or Chad is asked to choose which room he prefers at
the given price.

Sperner’s Lemma

Sperner’s lemma guarantees that there is a small triangle where every roommate has
picked a different room. The “fair” price lies somewhere between the prices at those
three comers.
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Teopema Kakytann (1941)

MHorosHauHbIM oTobpaXkeHnem 3 MHoxecTea X B Y HasbliBaeTcs
Bcsikoe oTobpaxenue F: X — 2Y. Mycts Q(Y) C 2Y, cocToswee
U3 HEMYCTbIX KOMMAKTHbIX MOAMHOXECTB MHOXecTBa Y C R™. 1o
ectb F: X — Q(Y).

Teopema KakyTtanu: [lycte X C R” — nenycToe, komnakTHoe,
BbINYK/I0€ NOAMHOMECTBO M MHOrO3Ha4Hoe oTobpaxeHue

F: X — Q(X) umeer ceBonmun 3Ha4eHnsiMn KOMNAKTHbIE,
BbINYK/IbIE MHOXECTBA U SBASETCS NOJyHENPEPbIBHBIM CBEPXY MO
Bkatodennto. Torga otobpaxkenne F umeeT HENOABUXHYIO TOYKY
xx € X, TO ectb x5 € F(xy).
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Teopema Hawa o pasrosecnu (1950)

Wrpoii Ha3biBaeTcst Habop mMHoxecTB (cTpateruit) Sy, ..., S, u
Habop yHKuuiA (BbIMrpbIWwa) Uy, ..., U, HA X = 51 X ... X S,

Teopema

lpeanonoxum, 4To Kax[0e MHOXKECTBO S; — BbIMyK/IbIi KOMNAKT, 3
PYHKLMM BBINIPBILLIA U HEMPEPLIBHLI O BCEM MEPEMEHHBLIM U
BOrHyTbl 1o s;. Torga cywectByeT paBHosecue Hawa. To ectb
HalpyTcs sy, ..., Sy Takue 4To s moboro i u s; € S;:

*

* * * * * * * *
Ui(S1, - »Si—1,5i>Sit1>5n) S Ui(S15- -+, 57—1,57 » Siv1» 5n)-
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Teopema JloctepHuka—LLHnpensmana (1930)

lpegnonoxum, 4to Fi, ..., Foi1 sBaseTcs nokpsitnem cgpepor S”
n+ 1 3amkHyTeIM MHOXKecTBOM. Torga Harigetcs F;, koTopoe
COLEPXKUT Mapy aHTUNOZabHbIX Todek (x, —x). VIHbimMu cnoBamu,

Fin(—=F;) # 0.

(MokpbITre 3aMKHYTHIMI MHOXECTBAMU MOXXHO 3aMEHUTL Ha
MOKPbLITNE OTKPLITHIMM. )
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Teopema Bopcyka—Vnama (1933)

(1) Ans Beskoro HenpepbiBHoro otobpaxenus f : S" — R”
Harigetcsi Todka x € S Takasi, 4to f(x) = f(—x).

Byaem rosopnts, 4to otobpaxenune f : S" — R" anTunogasnsro,
ecnn f(—x) = —f(x).

(2) Ans Bcsikoro HENpepbIBHOrO aHTUMOZAILHOrO OTOBPaXeHus
f:S" — R" naiigetcs Touka x € S" Takas, 410 f(x) =0, Te.
mHoxecTso Hyneii Zr = {f~1(0)} ne nycro.
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J. Matousek, Using the Borsuk-Ulam theorem, Springer-Verlag,
Berlin, 2003.



JNlemma LLnepHepa

Teopema bopcyka—Ynama

Der Zweck dieser Arbeit ist, folgende drei Sttze zu beweisen:
Satz 19). Jede antipodentreue Abbildung von S, ist wesentlich.

Satz IT17). Ist fe R*" (d. h. bildet f die Sphire S, auf cinen
Teil von R* ab), so gibt es einen derartigen Punkt p e S,, dass f(p)=

= f(p¥) ist.

Satz III. Sind A4,, A,..., A, in sich kompakte Mengen von
denen keine 2wei antipodische Punkte der Sphire S, enthilt, so ent-

hilt die Summe s'A, die Sphire S, micht.

i=0
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Jlemma Takkepa (1945)

Teopema (Takkep)

Mycts N\ — Tpuanrynsymns wapa B9, kotopas ssnsercs
aHTUNOAANbHON HA rpauuue. Y noboii packpacku

L:V(A) = {+1,-1,+2,-2,...,+d,—d}

SABASIOLYENICS aHTUNOZANbHON Ha rpavnye, T. e. L(—v) = —L(v)
A5 moboii BepLumHbl v Ha rpannue wapa BY naiigercs ‘gqunons”
(‘complementary edge”): pebpo ¢ meTkamu nmeroumn
OANHAKOBYIO abCONIIOTHYIO BEIMYNHY U MPOTUBOMOIOKHbIE 3HAKU.
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Jlemma Takkepa

. complementary edge
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Jlemma Takkepa ansa cdepbl

Teopema

[lyctb N\ — aHTUNOZANbHAS TPUAHTYASALNS S9. IMpegnonoxum, 410
L:V(A) = {+1,-1,42,-2,...,+d,—d}

SABNISIETCS| AHTUMOAAIbHEIM, T. €. AJ1S BCeX BepLunH N:
L(—v) = —L(v). Torga Harigetcs gunonb (complimentary edge).
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Jlemma HO. A. LawkuHa

Teopema

[lycte T TpuaHrynayus 4. c. MHOrOyro/ibHUKa, KOTopas sIB/sIeTcsl
Y. c. Ha ero rpanuue. [Npeanonoxumm, 4To pasmeTka

L:V(T)— {+1,-1,+2,-2,+3,-3}

Ha rpaHuye siBAsieTcs aHTunogansHoi, 1. e. L(—v) = —L(v) gas
nt0bori BepLunHbl vV Ha rpanuue. [Ipesnonoxum Takxe, 4To y 3Toi
pa3MeTKu Ha HeT gunonei. Torga ansa awobeix a, b, ¢, rae

la| =1, |b| =2, |c| = 3, obwee yncno Tpeyronsuukos B8 T ¢
metkamu (a, b, c) n (—a, —b, —c) — HeyeTHo.
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Jlemma HO. A. LawkuHa

-1 2 -3 -2
3 1 -2 -1
1 3 -1 3
2 3 -2 1

Puc.: nntoctpauyna nemmbl LLlawkuHa
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Jlemma HO. A. LawkuHa

(a,b,c) = (1,2,3), (1,-2,3), (1,2, —3) u (1, -2, —3)

Jlemma yTBEpXKAaeT, 4TO YNCNO TPEYroNbHUKOB C MeTKamu (a, b, ¢)
n (—a, —b, —c) — HevetHo. ObozHaunm ero SN(a, b, ¢). Torga Ha
KapTUHKE:

SN(1,2,3) =3, SN(1,-2,3) = 1,
SN(1,2,—3) = 3, SN(1, -2, —3) = 3.
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HokazaTtenbctso nemmbl LLlawkuHa

p(]., —2)+P(—2, 3)+P(3, _1)+p(_1a 2)+P(2, —3)+P(—3, 1) = 1(2)
d(1,-2)+d(-2,3)+d(3,-1)=1 (mod 2) (*)
+ 7 paBeHcTB npu 3amene (a, b) Ha (—a, —b)

Ecnm B (%) “otkpeiTe gsepn” (1, —-2),(—2,3),(3,—1), To Tynukamu
6y|D|yT (17 -2, _3) n (_17 2, 3)



JNlemma LLnepHepa

Jlemma LLInepHepa ana MHororpaHHuka

J. A. De Loera, E. Peterson, and F. E. Su, A Polytopal
Generalization of Sperner's Lemma, J. of Combin. Theory Ser. A,
100 (2002), 1-26.

Teopema

ycts T Tpuanrynsiyms Buinykaoro muororpanHuka P 8 RY y
koToporo n BepwwuH. Torga y moboii LLinepHepoBckoii pasmeTku
L:V(T)—{1,2,...,n} HaiigeTcs He menee (n — d) n. k.
d—cuMnaeKcos.
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Mobius band

Puc.: Mobius band. Diametrically opposite points of the inner boundary
circle are to be identified. The outer circle is the boundary of the Mdbius
band.
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Degree and Sperner’s lemma

Teopema

Let P be a convex polytope in RY with vertices py, ..., pp. Let X
be a finite orientable d-dimensional simplicial complex. Let
L:V(X)—{1,2,...,n} be a labelling such that f; p(0X) C JP.
Then there are at least (n — d)| deg(f. p)| fully labelled d-simplices.
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Degree and Sperner’s lemma

Corollary

Let X be a finite orientable d-dimensional simplicial complex. Let
L:V(X)—{1,2,...,d + 1} be any labelling. Then X contains at
least | deg(fy.p)| fully labelled d-simplices.

For Sperner’s labelling deg(f. p) = 1.

The theorem also implies Tucker's lemma. In this case P is a
crosspolytope and deg(f; p) is odd.
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2 3

Puc.: deg(L,0T) = 3. There are three fully labelled triangles.
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1 2

Puc.: Octagon with two square holes. Here n = 4, deg(L,0T)| = 4 and
there are eight fully labelled triangles
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Puc.: Since deg(L,0T) = 3, there are three complementary edges.
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D C
4 3 3 4 3
4 4 3 3 3
1 1 1 2 2
1 2 2 1 2
A B

Sperner’s labelling of M3(4,3). One edge is colored with (1, 3).
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1 1 3 2 1 2
2 1 1 1 1 1
3
3 2 1 4 1 4 1
1 20~ 3 4 1

Since deg(L,0Q) = 2, there are two centrally labelled cells.
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Sperner type lemma for quadrangulations

Let C? denote the d-dimensional cube.

Theorem

Let Q be a quadrangulation of an oriented d-dimensional manifold
M. Suppose L : V(Q) — V(C9) be a labelling such that

f(0Q) C ACY. Then Q contains at least | deg(L,dQ)| centrally
labelled cells.
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Shapley's KKMS theorem

Theorem

Let KC be the collection of all non-empty subsets of

lks1 = {1,..., k+1}. Consider a simplex S in R* with vertices
X1, Xkr1. Let V= {v,, 0 € K} C R¥, where v, denotes the
center of mass of S, == {x;, i € o}.

Let C := {C,, o € K} be a cover of |A¥| such that for every

J C liy1 the simplex Ay that is spanned by vertices from J is
covered by {C,, o € J}. Then there exists a balanced collection B
in KC with respect to V' such that

() G #0.

ceB
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Shapley's KKMS theorem
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P. J. J. Herings, An extremely simple proof of the K-K-M-S
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JNlemma LLnepHepa

KKMS theorem

Definition
Let / be a set of labels of cardinality m. Let V :={v;, i € I}, be a
set of points in R”. Then a nonempty subset 5 C / is said to be
balanced with respect to V if for all i € B there exist non-negative
A; such that

Z)\;v,- = cy, where Z)\; =1 and ¢y = %Z Vi.

ieB ieB i€l

In other words, cy € {v;, i € B}, where (Y') denote the convex hull
of Y in R".



JNlemma LLnepHepa

KKMS theorem

Theorem

Let V :={vi,..., vy} be a set of points in R". Let A be a
subspace of a space X. Let (X,A) €,_1. Let F ={F1,..., Fn} be
a cover of (X, A). Suppose S := F|a is not null-homotopic. Then
there is a balanced subset B in I, with respect to V' such that

mFi#@.

ieB
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KKMS theorem

Let V :={vi,..., vy} be a set of points in R". Let

F ={F1,...,Fn} be a cover of B that is not null~homotopic on
the boundary. Then there is a balanced with respect to V subset B
in Im :={1,...,m} such that the intersection of all F;, i € B, is
not empty.

If V = Vert(A"), then this corollary implies the KKM theorem.

Let K be the collection of all non-empty subsets of /1. If
V :={v,, 0 € K} C R¥, where v, denotes the center of mass of
Ss :={xj, i € o}, then the corollary implies the KKMS theorem.



CIMACNBO 3A BHUMAHWE



